for lift-off of many particles. The critical shear Reynolds number for lift-off of a single particle is found to be greater than that for many particles. The procedures used here to obtain correlations from direct simulations in 2D and the type of correlations that emerge should generalize to 3D simulations presently underway.
Introduction
Lift plays a central role in the suspension of particles in the flow of slurries. In the oil industry we can consider the removal of drill cuttings in horizontal drill holes and sand (or proppant) transport in fractured reservoirs. A force experienced by a particle moving through a fluid with circulation (or shearing motion for a viscous fluid) is referred to as the lift force in the present work.
Modeling of solid-liquid mixtures has been approached in two ways. The first approach is to consider the solid-liquid mixture as an effective fluid medium. Bulk properties (such as the effective viscosity) of the composite mixture are then modeled. In the second approach the solid and the fluid are considered as inter-penetrating mixtures which are governed by conservation laws. Interaction between the inter-penetrating phases is modeled. This is the mixture theory approach. Models for drag and lift forces on the particles must be used in mixture theories. Models for the drag force on particles in solid-liquid mixtures is a complicated issue and usually rely on the well-known Richardson-Zaki (1954) correlation. Models for lift forces in mixtures are much less well developed than models for drag. Joseph (2001) proposed that ideas analogous to the Richardson-Zaki correlation must come into play in problems of slurries, which are fluidized by lift rather than by drag.
Various models for the lift on single particles have been proposed (see e.g. Joseph 2001 , N. Patankar, Huang, Ko & Joseph 2001 and references therein) but the dependence of the lift on solids fraction and other many particle parameters is not known. Direct numerical simulations or experiments can be done to develop a suitable engineering correlation for lift. Morris & Brady (1998) studied the migration of non-neutrally buoyant spheres in pressure driven flows of Newtonian fluids. They performed Stokesian dynamic simulations of a monolayer of spheres. These studies are valid in the creeping flow limit.
In applications such as the transport of slurries or proppants, the effect of Reynolds number on the lift force is important. Choi & Joseph (2001) (hereafter referred to as CJ) reported a two-dimensional numerical investigation of fluidization by lift of 300 circular particles in a Poiseuille flow of a Newtonian fluid. Their results are valid at finite shear Reynolds numbers. They observed that the fluidization of circular particles first involves bed inflation in which liquid is driven into the bed. The bed inflation was observed even at very low shear Reynolds numbers but it took more time for the bed to inflate as the Reynolds number was reduced. Pressure waves corresponding to the waves at the fluidmixture interface were observed. CJ used a Chorin (1968) type fractional-step scheme developed by Choi (2000) to perform the numerical simulations. We use the same numerical method for the simulations reported in this paper. This method is closely related to the Arbitrary-Lagrangian-Eulerian (ALE) numerical method, using body-fitted unstructured finite element grids to simulate particulate flows, reported by Hu, Joseph & Crochet (1992) , Hu (1996 and Hu, N. Patankar & Zhu (2001) .
In these simulations the distance between the particles cannot be equal to zero. We have a small zone around each particle, which we call the security zone. Overlap of the security zones gives rise to a repulsive force that keeps the particles apart.
In this paper an engineering type correlation for the lift-off of many particles is obtained using the numerical data from our simulations and from the simulations of CJ.
We also study the effect of various parameters on the flow features. Both the transient and the steady state behavior will be discussed.
The governing equations, various parameters of the problem and a discussion of the lift models for solid-liquid flows will be presented in section 2. Results will be presented in section 3 and conclusions in section 4.
Governing equations and the parameters of the problem
The two-dimensional computational domain for our simulations is shown in Figure 1 .
We perform simulations in a periodic domain (Figure 2 ). The applied pressure gradient is given by p − , where p is considered to be positive. We split the pressure as follows:
where P(x,t) is the total fluid pressure, ρ f is the fluid density, g is the acceleration due to gravity, x is the position vector and e x is the unit vector in the x-direction. We solve for the 'dynamic' pressure p in our simulations. The external pressure gradient term then appears as a body force like term in the fluid and particle equations (3). The value of p is specified during the simulations.
The particles are free to rotate and translate. Particles heavier than the fluid are initially placed in a closely packed ordered configuration at the bottom of the channel.
Gravity acts in the negative y-direction. A parabolic velocity profile corresponding to p is specified in the clear fluid region as the initial condition. This reduces the time of the initial transient significantly. At t = 0 + the fluid in the channel is driven by an external pressure gradient along the x-direction. The particles are suspended or fluidized by lift forces that balance the buoyant weight perpendicular to the flow.
2H
The particle bed The average height H of the particle bed reaches an equilibrium value after the initial transient. We define this state as the 'statistical steady state'. The average height represents the height of the center of gravity of the bed if the distribution of the particles in the bed is uniform. The average fluid fraction ε of the bed is given by
where N is the number of particles in the domain and d is the diameter of the particles.
The governing equations in non-dimensional form are: where u(x,t) is the fluid velocity, ρ p is the particle density, T is the extra-stress tensor,
is two times the deformation-rate tensor, U p is the translational velocity of the particle, Ω Ω Ω Ω p is the angular velocity of the particle, I is the particle moment of inertia tensor, X is the coordinate of the center of mass of the particle and e y is the unit vector in the y-direction. We have used g = -ge y . Equation (3) and the corresponding initial and boundary conditions define an initial boundary value problem that can be solved by direct numerical simulation. The parameters in this problem are:
ε , average fluid fraction in the particle bed, Nd/l , number of particles per unit dimensionless length,
is the velocity scale of a particle sedimenting in a viscous fluid and L is the buoyant weight (or lift) on a particle in the absence of any other particles. The dimensionless channel length l/d, which is also a parameter of the problem, is chosen large enough so that the solution is only weakly dependent on its value. A dimensionless description of the governing equations is constructed by introducing the following scales: the particle diameter d for length, V for velocity, d/V for time, ηV/d for stress and pressure and V/d for angular velocity of the particle where η is the viscosity of the fluid. We have chosen
, where w γ is the shear-rate at the wall (in the absence of the particles) corresponding to the applied pressure gradient p as shown in Figure 1 .
In our multi-particle simulations we have N = 300, ρ p /ρ f = 1.01, W/d = 12 and l/d = 63.
We take d = 1 cm, ρ p = 1.01 g/cc and ρ f = 1 g/cc.
A gravity parameter G, which represents the ratio of V g and V, is given by
, which measures the ratio of inertia to buoyant weight, is a generalized Froude number.
Assuming the channel length to be long, the gravity Reynolds number at the 'statistical steady state' depends on the parameters listed above and
where ε max is the maximum possible fluid fraction in the channel and φ min is the corresponding value of the minimum particle fraction. The parameter ρ p /ρ f arises only in the particle acceleration terms in the governing equations (3). At steady state the average acceleration of the particles is zero. Hence ρ p /ρ f is not included as a parameter in (4).
However, the effect of ρ p /ρ f can be important in characterizing the transient and the 'mixing' behavior of the mixture. In our multi-particle simulations, W/d and Nd/l (or ε max ) are fixed. The gravity Reynolds number R G is therefore a function of R and ε.
Results

Numerical simulation of lift-off
The gravity Reynolds number, R G , is varied by changing the viscosity of the suspending fluid. For the given choice of parameters, R G = 9.81/η 2 . At a given value of R G , the shear Reynolds number R is varied by changing the applied pressure gradient p .
CJ reported simulations with η = 1 poise and 0.2 poise. In this paper we perform simulations with η = 0.1 poise and 0.05 poise. The primary objective is to obtain more data to develop a correlation for lift. Wave formation in sediment transport by water has been observed before in various scenarios (Kennedy 1969 , Graf 1971 , Bagnold 1973 . Wind generated ripples and dunes were discussed by Bagnold (1941) . Wavelike motion in pneumatic transport was studied Previous investigations of the fluidization of many particles by shear have focused on the creeping flow limit (see Morris & Brady 1998 and references therein) and on particle dispersion due to turbulence (Bagnold 1941 , Graf 1971 ). In the creeping flow limit the hydrodynamic interaction between the particles tend to disperse them into regions of lower concentrations. This shear induced diffusivity balances gravitational settling. In turbulent flows, the solids are suspended against gravity by random eddy currents. The results of our simulations are valid for a range of Reynolds numbers.
The maximum value of R in our simulations is 2400 (Figure 5 .13). We can also suggested that large particles can cause enhancement of turbulence due to wake shedding (Hetsroni 1989 ). In our simulations wake shedding is not significant (Figure 5) . The difference between the average fluid and particle velocities (slip velocity) is very small (also see CJ). The presence of the particles increases the resistance to the flow; this increased resistance can be interpreted as an increase of apparent viscosity. This may lead to turbulence suppression in cases such as in our simulations where the particle fraction is relatively high. However, the upper part of the channel is often free from particles and not subjected to turbulence suppression. The lack of turbulence there may be an effect of two-dimensionality.
Correlation for lift-off
We obtain a correlation for the average equilibrium height of the particles based on the data from our simulations and those reported by CJ. Since W/d and Nd/l (or ε max ) are fixed, the gravity Reynolds number R G is a function of R and ε.
The effective weight of a particle in a suspension is (πd (Foscolo & Gibilaro 1984 , Joseph 1990 , where ρ c is the effective or composite density of the fluid-particle mixture. Consequently, the net buoyant weight (or lift) L s on a particle in a suspension is given by
We therefore plot εR G vs. R in Figure 7 at different values of fluid viscosities. At a given viscosity the value of R G is a constant in our simulations. The fluid fraction or the equilibrium height of the particle bed increases as the shear Reynolds number is The functional dependence of c on R G is represented in terms of a power law equation.
Combining this result with that in Figure 7 we can arrive at a correlation for R G as a function of R and ε. In Figure 9 we reduce all the data points to a single curve. The prefactor in the expression for c is changed from 0.368 in Figure 8 to 0.4119 in Figure 9 for better agreement between the data and the correlation. The average value of the exponent m is also obtained from the curve fit for all the data points. We obtain the following correlation for R G as a function of R and ε 
The data from which the correlation is derived had the following range of parameters: ε between 0.29 and 0.69, R G ranging from 9.81 to 3924 and R ranging from 5.4 to 2400. It is well-known that particles sedimenting in a suspension experience greater drag at higher particle fractions. Similar behavior is observed for the hydrodynamic lift force on particles in a suspension (6). 
The correlation in dimensional form is 
where, ν is the kinematic viscosity of the fluid. The effect of W/d and ε max on the correlation is not investigated.
The lift-off correlation above is valid for the average behavior of the suspension in a channel. It accounts for the effect of the Reynolds number on the lift-off of many particles. A similar correlation may also be developed based on the experimental data. be the initial height of the closely packed particle bed. Equation (7) 
where, φ max is the particle fraction in the initial closely packed configuration and φ min is given in (4) as
The condition for lift-off is then given by
After replacing φ min with φ max , using (11), we find
Combining now (9) and (12) 
It cannot be predicted with certainty that the particles will occupy the entire channel width at this Reynolds number. The effect of the upper wall may prevent such a possibility. The estimated value of R cf may also be within the turbulent regime.
N. Patankar et al. (2001) obtained a correlation for the critical condition for lift-off of a single circular particle in a plane Poiseuille flow of a Newtonian fluid. They assumed a surface roughness of 0.001d and defined the critical condition as the minimum shear
Reynolds number required to lift a particle to an equilibrium height greater than 0.501d.
Their correlation is given by
where R cr,1 is the critical shear Reynolds number for lift-off of a single particle. Equation The shear Reynolds numbers in our computations are between R cr and R cf at all values of confirm the value of R cr estimated from the correlation. The average bed height did not increase after a long computation when the shear Reynolds number was less than R cr for some cases we tested. Table 1 shows that the critical shear Reynolds number for lift-off of a single particle is greater than that for many particles at the same value of R G . This is similar to the fluidization of particles by drag where the critical velocity for fluidization of a single particle is more than that for many particles.
Previous investigation by Morris & Brady (1998) . Therefore, in the creeping flow limit,
instead of the general form at finite Reynolds numbers in (4). At finite Reynolds numbers, inertia plays a role in the balance of the buoyant weight and the hydrodynamic lift on the particles.
Models for the drag force on particles in solid-liquid mixtures, which rely on the well-known Richardson-Zaki (1954) correlation, are usually obtained in terms of the single particle drag formula, Reynolds number and the fluid fraction. Reduction of the lift-off correlation in (6) in terms of the single particle lift formula is not straightforward. This is because, more than one equilibrium positions are possible for a single particle in a channel (CJ, N. Patankar et al. 2001) . N. Patankar et al. (2001) have identified this as a double turning point solution. We have not observed multiple equilibrium heights of the particle bed in our many particle simulations.
Conclusions
1. 2D numerical simulations of the lift-off of 300 circular particles in plane Poiseuille flows of Newtonian fluids are performed.
2. Lift-off is initiated by the formation of horizontal pressure waves and the corresponding waves at the fluid-mixture interface.
3. At low shear Reynolds numbers, there is a monotonous increase of the average height of the particle bed to the final equilibrium value.
4. At higher shear Reynolds numbers (R > 300) there is an overshoot in the bed height, with particles sometimes occupying the entire channel width, during the transient.
The bed finally settles to a lower equilibrium height for the cases considered here.
5. In the final state there are internal pressure waves which propagate horizontally.
There are corresponding waves in the particle bed.
6. The average fluid fraction of the particle bed increases as the shear Reynolds number is increased. Heavier particles are lifted to a smaller equilibrium height at the same Reynolds number.
7. A correlation for the lift-off of many particles in 2D is obtained from the numerical data modeling procedures to be used in getting correlations that we think will emerge from 3D simulations presently under way.
8. The correlation is used to estimate the critical shear Reynolds number for lift-off of many particles and the smallest shear Reynolds number at which the particles would occupy the entire channel width at steady state.
9. The critical shear Reynolds number for lift-off of a single particle is greater than that for many particles at the same value of R G . This is similar to the fluidization of particles by drag where the critical velocity for fluidization of a single particle is more than that for many particles.
